The main aim of this article is to characterize the finite simple groups by less character quantity. In fact, we show that each Mathieu-group G can be determined by their largest and second largest irreducible character degrees. MSC: 20C15
Introduction and preliminary results
Classifying finite groups by the properties of their characters is an interesting problem in group theory. In , Huppert conjectured that each finite non-abelian simple group G is characterized by the set cd(G) of degrees of its complex irreducible characters. In [-], it was shown that many non-abelian simple groups such as L  (q) and S z (q) satisfy the conjecture. In this paper, we manage to characterize the finite simple groups by less character quantity. Let G be a finite group; L(G) denotes the largest irreducible character degree of G and S(G) denotes the second largest irreducible character degree of G. We characterize the five Mathieu groups G by the order of G and its largest and second largest irreducible character degrees. Our main results are the following theorems. Proof Let G be a non-solvable group. Then G has a chief factor M/N such that M/N is a direct product of isomorphic non-abelian simple groups. Hence 
Theorem A Let G be a finite group and let M be one of the following Mathieu groups: M  , M  and M  . Then G ∼ = M if and only if the following conditions are fulfilled: () |G| = |M|; () L(G) = L(M).

Theorem B Let G be a finite group. Then G ∼ = M  if and only if |G| = |M  | and S(G) = S(M  ).
Theorem C Let G be a finite group. If |G| = |M  | and L(G) = L(M 
by induction on G/N , we see that normality of the Sylow p n -subgroup in G. Now suppose that p = p i for some i < n. Now consider G/N . By induction, the Sylow
But this means that kp n +  | p a i , and then k =  by assumption. Hence Q P and Q G.
Proof of theorems
Proof of Theorem A We only need to prove the sufficiency. We divide the proof into three cases.
We first show that G is nonsolvable. Assume the contrary. By Lemma , we know that the Sylow -subgroup of G is normal in G. Let N be the -Sylow subgroup of G. Since N is abelian, we have χ() | |G/N| for all χ ∈ Irr(G). But L(G) =  and  |G/N|, a contradiction. Therefore, G is nonsolvable.
Since G is non-solvable, by Lemma , we get that G has a normal series  H K G such that K/H is a direct product of isomorphic non-abelian simple groups and |G/K| | | Out(K/H)|.
We first assume that 
by comparing the orders of G and M  , we have |H| = . Therefore
contradiction. If G is solvable, then the Sylow -subgroup of G is normal in G by Lemma , which leads to a contradiction as above. Therefore G is non-solvable.
Since G is non-solvable, by Lemma , we get that G has a normal series  H K G such that K/H is a direct product of isomorphic non-abelian simple groups and |G/K| | | Out(K/H)|. By the same arguments as the proofs of K/H ∼ = A  , we show that K/H cannot be isomorphic to one of the simple groups:
, by the same arguments as the proofs of Case ., we have that O  (G) = . We will show that G is non-solvable. If G is solvable, then the Sylow -subgroup of G is normal in G by Lemma , a contradiction. Therefore, G is non-solvable.
By Lemma , we get that G has a normal series  H K G such that K/H is a direct product of isomorphic non-abelian simple groups and |G/K| | | Out(K/H)|.
By the same arguments as the proofs of Case ., we can prove that K/H cannot be isomorphic to A  or A  .
Assume 
(H) ≤ Z(S).
Therefore, the following conclusions hold:
By checking the character table of  · L  () and L  (), we see that both conclusions (a) and (b) are not satisfied with the above conditions. Now, we suppose that Proof of Theorem B We only need to prove the sufficiency. In this case, we have
We have to show that G is non-solvable. Assume the contrary, by Lemma , we have that the Sylow -subgroup is normal in G, a contradiction. Therefore, G is non-solvable.
Since G is non-solvable, by Lemma , one has that G has a normal series  H K G such that K/H is a direct product of isomorphic non-abelian simple groups and |G/K| | | Out(K/H)|.
Thus H is non-solvable. Then there exists a normal series of H:  N M H such that M/N is a direct product of isomorphic non-abelian simple groups and |H/M| | | Out(M/N)|.
or L  (), which implies that  | |N|. Hence O  (N) =  by Lemma , which implies that
By the same arguments as the proof of K/H ∼ = A  , we show that K/H cannot be isomorphic to one of the simple groups: 
which completes the proof of Theorem B.
Proof of Theorem C We only need to prove the sufficiency. In this case,
Hence H is non-solvable and H has a normal series  N M H such that M/N is a direct product of isomorphic non-abelian simple groups and |H/M| | | Out(M/N)|. As
Sylow -subgroup of N . Then P is normal in N by Sylow theorem. Since P is also a Sylow -subgroup in G and N is subnormal in G, we have P G, a contradiction. Similarly, K/H cannot be isomorphic to the simple groups: 
